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1. INTRODUCTION 
The problem of oscillation and asymptotic properties of solutions to first-order neutral differential 
equations has received a great deal of attention over the last few years. Ladas and Sficas [1] and 
Grammatikopoulos,  Grove and Ladas [2] studied the asymptot ic properties of the delayed neutral 
differential equation of the form 
d 
d--t [y(t) + Py(t - ~-)] + Qy(t - (r) = 0, t > to, (A) 
and, as a result, established the sufficient conditions for oscillation of all the solutions to the 
equation in the case that  Q, 7, a are all positive constants and P is a real parameter.  Then, 
Crammatikopoulos,  Grove and Ladas [3] extended the results of [1,2] to the case where ~- and ~ are 
real numbers, and Q is a nonzero real number. Grammatikopoulos,  Ladas and Sficas [4] further 
discussed the oscillation and asymptotic behavior of the equation with variable coefficients, that  
is, 
d 
d--t [y(t) + P( t )y ( t  - r)] + Q(t )y ( t  - a)  = O, t >_ to. (B) 
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Since then, many results regarding the asymptotic properties of solutions of first-order neutral 
differential equations have been obtained, and the reader is referred in particular to the mono- 
graphs of Bainov and Mishev [5], Erbe, Kong and Zhang [6], and the papers of Grove, Ladas 
and Schultz [7], Graef, Grammatikopoulos and Spikes [8], Jaros and gusano [9], Yu and Fu [10], 
Shen and Yu [11], Wang, Lin and Yu [12], Wang [13] and the references cited therein. However, 
most of the works concerned only the case of discrete deviating arguments. To the best of our 
knowledge, very little has been done with distributed eviating arguments. Thus, in this paper, 
we study the asymptotic behavior of nonoscillatory solutions of the following neutral equation: 
d f~(t) 
[y(t) + P(t)y(t - T)] + Q(t) Jo y(t - s) dT](t, s) = O, t > to, (1) d'~ 
where the integral of equation (1) is a Riemann-Stieljes one. 
2. PREL IMINARY NOTES 
In this paper, we assume that the following conditions (H) hold: 
(H1) P(t), Q(t) c C([t0,co),R), and 0 < Q1 <- Q(t) < Q2, where Q1 and Q2 are some 
constants; 
(H2) or(t) e C([t0, co), R+), and limt-~oo(t - a(t)) = co; 
(H3) ~(t, a(t)) e C([t0, co), R), and ft~ ~(t, ~(t)) dt = co; 
(H4) ~/(t, s) is nondecreasing with respect o s for s e [0, a(t)], and 7](t, 0) = 0. 
DEFINITION 1. The function f is said to eventually enjoy property A if there exists a t~ such 
that, for t >_ t , ,  the function f enjoys property A. 
DEFINITION 2. The function y(t), defined for ali suffciently large t, is said to be an eventual 
solution of equation (1), if for all sufficiently large t, y( t ) is a continuous function, y( t ) + P( t )y( t -  ~') 
is a continuously differentiable function, and y(t) eventually satisfies equation (1). 
DEFINITION 3. The solution y(t) of equation (1) is said to be oscillatory, if its set of zeros is 
unbounded above• Otherwise, the solution is said to be nonoscillatory. 
We restrict our attention to proper solutions of equation (1), i.e., to nonconstant solutions in 
the interval [T, co) for some T > to satisfying supt_> T [x(t)[ > 0. 
The following lemmas will be useful to obtain our main results. Let 
then from (1), we have 
z(t) = y(t) + P(t)y(t - T), (2) 
fo ~'(t) z'(t) = -q ( t )  y(t - s) dT](t, s). (3) 
LEMMA 1. I f  y(t) is an eventually positive solution of equation (1), then z(t) decreases eventually. 
PROOF. From (3) and Conditions (H), we can easily obtain the result of Lemma 1. 
LEMMA 2. I f  y(t) is an eventualIy positive solution of equation (1), and there exists a constant c
such that limt--.oo z(t) = c, then liminft-..oo y(t) = O. 
PROOF. Assume the contrary that liminft-~oo y(t) = d > 0. Then, there exists a tl >_ to, such 
that y(t) > d/2 for t >_ tl. From (3), we have 
• d z'(t) < -Q(t)t_a~¢ns<ty(s)Tl(t, o'(t)) < - ]q l r / ( t ,  o'(t)), (4) 
then, by integrating the above inequality from to to t, we have 
Z(t) -- Z(to) < -~Q1 7](8, (7(8)) ds, 
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that is, 
z(t0)  > z ( t )+ ~Q1 ~(s ,~(s ) )ds .  (5) 
From (H3), inequality (5) implies that limt--.o~ z(t) -- - c~,  which contradicts the assumption 
of z(t). The proof of Lemma 2 is completed. 
LEMMA 3. f ly ( t )  is an eventually positive solution of equation (1), and 
-1  < P <_ P(t)  < O, (6) 
then y(t) is a bounded function. 
PRoof .  From Lemma 1, either z(t) > 0 eventually or z(t) < 0 eventually. 
(i) Assume that z(t) < 0 eventually. Then, from (6), we have 
0 > z(t )  = y(t)  + P ( t )y ( t  - ~) > y(t)  - y( t  - T). 
Thus, for sufficiently large t, we have 
y(t)  < y( t  - ~).  (7) 
t o~ Assume that y(t) is an unbounded function. Then, by choosing a sequence { n}l such 
that limn-~o~ tn = oo, it results that limn~o~ y(t~) = c~, and maxtl<t<t~ y(t) -= y(tn). If 
choosing N such that tn -~"  > tl, then maxtN-~<t<tn y(t) = y(tN), which contradicts (7). 
(ii) Assume that z(t) > 0 eventually, then from Lemma 1, there exists a constant c such that 
limt--.~ z(t) -= c ~ O, and thus, from Lemma 2, we have liminft~oQ y(t) --- O. Hence, there 
exists a sequence {Tk}~ such that limk--.~ Tk -= c~, limk--.~ y(Tk) = O. 
Assume that y(t) is an unbounded function. Then, there exists a sequence {tn}~ such 
that lim,~-~oo t,~ --- c~, limn--.o~ y(t~) -- c~, maxt~<t_<t~ y(t) = y(tn), and tn - t~- i  > T for 
any n E N. 
Let n, k E N be sufficiently large numbers and t~ > Tk, then 
~(t~) - ~(Tk ) = y( t~)  - y(T~ ) + P ( t , )y ( t~ - ~) - P (Tk)y (T~ - ~) 
y(tn) -- y(Tk) -[- P(tn)y(tn - T) 
>_ y(tn) -- y(Tk) + Py(tn) (8) 
= (1 + P )y ( t~)  - y(Tk) .  
Noting that lim~--.o~ y(t~) = 0% and limk--.oo y(Tk) = 0, we can choose a sequence {tn}~ 
and {Tk}~ in such a way that, for sufficiently large n and k, 
(1 + g)y(t~) - y(Tk) > 0. (9) 
From (8) and (9), we have z(Tk) < Z(tn), that is, z(t) is increasing, which is in contradic- 
tion with Lemma 1. The proof of Lemma 3 is completed. 
LEMMA 4. Assume that 
P1 <_ P(t) _< P2 < -1 .  (10) 
f ly ( t )  is an eventually positive solution of equation (1), then z(t) < 0 eventually. 
PROOF. Assume the contrary that z(t) >_ 0 eventually. From (10), we have 
0 < z(t) = y(t) + P(t)y(t  - -r) < y(t) - y(t - ~'), (11) 
and thus, for any sufficiently large t, we have 
y(t)  > y( t  - T). (12) 
From Lemma 1, there exists a constant c > 0 such that limt--.~ z(t) = c. Furthermore, 
from Lemma 2, we have l imin f t - ,~y( t )  = 0. Thus, by choosing a sequence {Tk}~ such that 
limk--.~ Tk = oo, we have l imk-~ y(Tk) = 0 and mint~<t<_t~ y(t) = y(tn). By choosing a positive 
integer n such that tn - t l  > 7-, it results that mint~-~<_tst~ y(t) = y(t~). Hence, y(t~) < y( t~-7) ,  
which contradicts (12). The proof of Lemma 4 is completed. 
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3. MAIN  RESULTS 
THEOREM 1. Assume that (10) holds, then every nonosciI1atory solution y(t) of equation (1) is 
unbounded. 
PROOF. Assume that y(t) is an eventually positive solution of equation (1). From Lemma 4, 
z(t) < 0 eventually, and we can assert that limt-~oo z(t) = -oo .  In fact, if we assume that it is 
not true, then there exists a constant c > 0 such that 
lim z(t)  = -c  > -c~.  (13)  
t--+OO 
Noting that z(t) decreases eventually, there exists tl _> to such that for t >__ tl, we have 
C 
z(t) = y(t) + P(t)y(t - T) < --~, 
and consequently, 
C e 
y( t )  < -P ( t )y ( t  - - < -P ly ( t  - 2 (14) 
From (13) and Lemma 2, we have l iminft - ,~ y(t) = 0, and thus, there exists a sequence {t~}~ 
such that l im,~-~ t~ = co and lim~_.~¢ y(t~) = 0. Hence, there exists a positive integer N such 
that for n >_ N, y(tn) < -c/4P1. From (15), we have 
C C C 
y(t~) < -P ly( t~)  - ~ < -~ - -~ < O, 
which contradicts the assumption that y(t) > 0 eventually. Thus, we have limt-~oo z(t) = -oo. 
Using the inequality 
Ply(t - "r) <_ P(t)y(t - 7) < z(t), 
we have limt--.oo y(t) = oo. 
On the other hand, assume that y(t) is an eventually negative solution. As equation (1) is a 
linear equation, we have limt--,oo y(t) = -cx~. The proof of Theorem 1 is completed. 
THEOREM 2. Assume that one of the following conditions hold: 
-1  < P <_ P(t) < O, (15) 
0 <_ P(t) _ P < 1, (16) 
1 < P1 <_ P(t) <_ P2, (17) 
and y(t) is a nonoscillatory solution of equation (1), then limt--,~ y(t) = O. 
PROOF. 
(i) Assume that (15) holds, and y(t) is an eventually positive solution of equation (1). From 
Lemma 1, z(t) decreases eventually and from Lemma 3, y(t) is a bounded function. Letting 
lim sup y(t)  = b, (18)  
t--~OO 
we can assert that b =- 0. In fact, if we assume that it is not true, then there exists tt > 0 
such that # < b(1 + P) / (2  - P). From (18), there exists a sequence {tn}~ such that 
lim~-~oo tn = co, and lim~-~oo y(t,O -- b. By the definition of upper limits, there exist T 
and N such that, for n > N and t > T, 
ly(t ) - bl < , ,  y ( t )  - b < , .  
Since y(t) is a bounded solution of equation (1), it follows from (2) that z(t) is bounded. 
From Lemma 1, there exists a constant c such that limt-~o~ z(t) = c. From Lemma 2, we 
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have liminft--.oo y(t) = 0. Thus, we can choose a sequence {Tk}~ such that limk--.oo Tk 
---- co, limk--,oo y(Tk) = 0. Furthermore, there exists an NI such that y(Tk) < ~] for k > NI. 
Choosing ti and T i from sequences {tn}~ and {Tk}V such that i > N, j > N, ti > Tj, 
and ti - 7- > to, we have 
z ( t , )  - z (TD = 
> 
y(ti) - y(T j )  + P( t i )y( t i  - 7) - P (T j )y (T j  - "r) 
y(t~) - y(T j )  + P(t~)y(ti  - r)  
y(t~) - y(T j )  + Py(t~ - ~') 
b - # - t~ + P(b + tt) 
(1 + P)b - (2 - P )# > 0, 
(ii) 
(iii) 
which is in contradiction with the fact that z(t) decreases eventually. 
From b = 0, i.e., limsupt_.o  y(t) = 0, we have limt-.oo y(t) -- O. 
As equation (1) is a linear equation, if y(t) is an eventually negative solution of equa- 
tion (1), then -y ( t )  is an eventually positive solution of equation (1), and consequently, 
we also have limt--.oo y(t) = O. 
If condition (16) holds, then proceeding with the same arguments as in the case of (i), we 
can obtain the result and the details are omitted here. 
If condition (17) holds, without loss of generality, assume that y(t) is an eventually positive 
solution of equation (1). From (2), z(t) > 0 eventually. From Lemma 1, there exists 
limt-~oo z(t) = c > O, and we can assert hat c = 0. In fact, assume that e ~ 0, then c > 0. 
From Lemma 2, we have liminft--,oo y(t) = O. Thus, there exists a sequence {tn}F such 
that limn-~oo tn = O0 and limn--.~ y( tn ) = O. 
T oo Consider sequence { n}l and T,  = t ,  + W. From (2), we have 
z(T~) = y(Tn) + P(Tn)y( tn) .  (19) 
Letting n --* oo, we have l imt-,~ y(Tn) = c. Furthermore, consider sequence {~}~o and 
T~ = t~ + T, we have 
z (Tn) = y (Tn)  + P (T~) y(Tn) > P (T~) y(T~) >_ Ply(T~).  (20) 
Letting n ~ ~ and noting that P1 > 1, we have c >P lc  > c, which is not possible. Thus, 
limt-.oo z(t) = O. 
Noting that y(t) is an eventually positive solution of equation (1), from (2), we have 
z(t) > y(t). Thus, limt-~oo y(t) = 0. The proof of Theorem 2 is completed. 
REMARK 1. The results presented above generalize some results in the literature [3-5,12]. 
REMARK 2. The work presented can be extended to study the following nonlinear equation: 
d fro ~(t) -t [y(t) + P( t )y ( t  - 7)] + Q(t)  f (y ( t  - s)) &l(t, s) = o, 
in which f (u )  e C(R ,  R), u f (u )  > 0 for u ¢ 0; f (u )  ¢ 0 is bounded when u ¢ 0 is bounded. 
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